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We study z = 4 Topological black hole in 4 + 1 dimensional Horava-Lifshitz gravity and we
calculate analytically the quasinormal modes of scalar perturbations and from these quasinormal
modes we show that z = 4 Topological black hole in 4 + 1 dimensional Horava-Lifshitz gravity is
stable.
PACS numbers:
I. INTRODUCTION
Few years ago, P. Horava proposed [1–3] a new class of quantum field theory as an UV complete theory of gravity,
which is non-relativistic and exhibit anisotropic scaling between space and time. The Horava theory is power-counting
renormalizable. However, the Lorentz symmetry is broken at short distances. Moreover, the theory can be reduced to
Einstein’s gravity theory with a cosmological constant in the infrared (IR) limit. A lot of attention has been focused
on this gravity theory. The Lifshitz-type black holes may provide a way to generalize AdS/CFT correspondence to
non-relativistic condensed matter physics, [3–11]. Horava-Lifshitz with dynamical exponent z = 4 [3] has acquired
a growing interest, in Ref. [12] was shown using the numerical Causal Dynamical Triangulations (CDT) approach
[13] for quantum gravity in 3 + 1 dimensions that the definition of ”spectral dimension” can be extended to theories
on smooth spacetimes with anisotropic scaling. Therefore, CDT approach to lattice gravity may in fact be a lattice
version of the quantum gravity at z = 4 Lifshitz point.
In this paper, we focus our investigation in thez = 4 Topological black hole in 4 + 1 dimensional Horava-Lifshitz
gravity, in the IR region obtained via detailed balance condition by [14], these black holes are similar to the topological
black hole solution in the five-dimensional Chern-Simons gravity [15], or in the five-dimensional Gauss-Bonnet gravity
with a special Gauss-Bonnet coefficient [16]. The lagrangian for this theory is given by [14]
L = L0 + L1 , (1)
where
L0 = √gN
{
2
κ2
(KijKij − λK2) + κ
2µ2(ΛWR− 2Λ2W )
4(1− 4λ)
}
, (2)
L1 = −√gN κ
2
8
{
µ2GijG
ij +
2µ
M
GijLij +
2µ
M
ΛWL+
1
M2
LijLij − λ˜
(
L2
M2
− 2µL
M
(R − 4ΛW ) + µ2R2
)}
, (3)
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2L = 2(1 + 3β)∇2R , (4)
the expressions Gij and Lij are given by
Gij = Rij − 1
2
gijR , (5)
Lij = (1 + 2β)(gij∇2 −∇i∇j)R+∇2Gij + 2βR(Rij − 1
4
gijR) + 2(Rimjn − 1
4
gijRmn)Rmn . (6)
and the term Kij is given by
Kij =
1
2N
(g˙ij −∇iNj −∇jNi) , (7)
for a D + 1 dimensional metric written in the following form
ds2 = −N2c2dt2 + gij(dxi −N idt)(dxj −N jdt) , (8)
where i = 1, ..., D and c is the speed of light. Here, we focus our investigation in the z = 4 Topological black hole in
4 + 1 dimensional Horava-Lifshitz gravity, in the IR region, [14]. Which, for β = − 13 , [14], is given by the metric
ds = −N˜2f(r)dt2 + dr
2
f(r)
+ r2dΩ2k, (9)
where f(r) = −ΛW r23 + k ±
√
c0, N˜(r) = 1, c0 ≥ 0 and dΩ2k is the three-dimensional Einstein manifold with constant
scalar curvature 6k, which we may choose to be k = 0,±1, corresponding to a spherical, plane or hyperbolic section,
respectively. Which, is similar to the topological black hole solution in the five-dimensional Chern-Simons gravity
[15], or in the five-dimensional Gauss-Bonnet gravity with a special Gauss-Bonnet coefficient [16].
According to the AdS/CFT correspondence [17], the quasinormal modes (QNMs) [18–24] allow us to obtain the
relaxation time of a thermal state of the conformal theory at the boundary, which is proportional to the inverse of
imaginary part of the QNMs of the dual gravity background [25]. In this work we investigate scalar perturbations
in the background of z = 4 Topological black hole in 4 + 1 dimensional Horava-Lifshitz gravity, see Refs. [26–31]
for scalar perturbations in the background of a Topological black hole, and we present the exact QNMs, considering
Dirichlet and Neumann boundary conditions. Then, we study the stability of this black hole analyzing the imaginary
part of the QNMs.
The plan of the work is as follows: In section II we calculate the exact QNMs of the scalar perturbations in the
background of z = 4 Topological black hole in 4+ 1 dimensional Horava-Lifshitz gravity and we study the stability of
this black hole from QNMs. Then, in section III, we discuss our results and conclude.
II. QUASINORMAL MODES
The behavior of the scalar field in the background of z = 4 Topological black hole in 4+1 dimensional Horava-Lifshitz
gravity is given by the Klein-Gordon equation
ψ =
1√−g∂µ
(√−ggµν∂ν)ψ = m2ψ , (10)
where m is the mass of the scalar field, ψ. In order to obtain exact QNMs, we consider the change of variables
v = 1− 3pΛωr2 , where p = k ±
√
c0. So, the metric Eq. (9) can be written as
ds2 =
pvc2
1− v dt
2 − 3
4Λωv (1− v)2
dv2 +
3p
Λω (1− v)dΩ
2
k . (11)
Then, we adopt the ansatz ψ = R(y)Y (
∑
)e−iωt, where Y is a normalizable harmonic function on
∑
D−1 which
satisfies ∇2Y = −QY , with ∇2 the Laplace operator on ∑D−1 and
Q =
(
d− 3
2
)2
+ ξ2 , (12)
3are the eigenvalues for the hyperbolic manifold. Thus, Eq. (10) can be written as
v (1− v) ∂2vR(v) + ∂vR(v) +
(
3ω2
4pvc2Λω
+
Q
4p
+
3m2
4Λω (1− v)
)
R(v) = 0 . (13)
Which, can be written as a hypergeometric equation for K
v(1 − v)K ′′(v) + [c− (1 + a+ b)v]K ′(v) − abK(v) = 0 , (14)
where the coefficients are given by
a = −1
2
+ α+ β ± 1
2p
√
p (p+Q) , (15)
b = −1
2
+ α+ β ∓ 1
2p
√
p (p+Q) , (16)
c = 2α+ 1 , (17)
if we perform the decomposition R(v) = vα(1− v)βK(v), with
α± = ± iω
2c
√
3
pΛω
, (18)
β± = 1±
√
1− 3m
2
4Λω
, (19)
The general solution of Eq. (14) takes the form
K = D1F1(a, b, c; v) +D2v
1−cF1(a− c+ 1, b− c+ 1, 2− c; v) , (20)
which has three regular singular points at v = 0, v = 1 and v = ∞. Here, F1(a, b, c; v) is a hypergeometric function
and D1, D2 are constants. Then, the solution for the radial function R(v) is
R(y) = D1v
α(1− v)βF1(a, b, c; v) +D2v−α(1− v)βF1(a− c+ 1, b− c+ 1, 2− c; v) . (21)
According to our change of variables, when r → r+, then v → 0 and when r → ∞, then v → 1. In the vicinity of
the horizon, the function R(v) behaves as
R(y) = D1e
α ln v +D2e
−α ln v , (22)
where we have used the property F (a, b, c, 0) = 1. Thus, the scalar field ϕ can be written in the following way
ψ ∼ D1e−iω(t+χ ln v) +D2e−iω(t−χ ln v) , (23)
where, we have chosen, without loss of generality, the negative signs for α, and
χ =
1
2c
√
3
Λωp
. (24)
The first term represents an ingoing wave and the second one an outgoing wave on the black hole background. For
computing the QNMs, we have to impose that there exist only ingoing waves on the horizon. This fixes D2 = 0. Then
the radial solution becomes
R(y) = D1e
α ln v(1− v)βF1(a, b, c; v) = D1e−iωχ ln v(1− v)βF1(a, b, c; v) . (25)
4At infinity (v = 1), the radial function reads
R(v) = D1e
−iωχ ln v(1− v)β Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)F1(a, b, a+ b− c, 1− v)
+D1e
−iωχ ln v(1− v)c−a−b+β Γ(c)Γ(a+ b− c)
Γ(a)Γ(b)
F1(c− a, c− b, c− a− b+ 1, 1− v) , (26)
we have applied in Eq. (25) the Kummer’s formula for the hypergeometric function [32],
F1(a, b, c; v) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)F1(a, b, a+b−c, 1−v)+(1−v)
c−a−bΓ(c)Γ(a+ b− c)
Γ(a)Γ(b)
F1(c−a, c−b, c−a−b+1, 1−v) .
(27)
For, β+ > 2 the field at infinity is regular if the gamma function Γ(x) has the poles at x = −n for n = 0, 1, 2, ....
Which, yields
ω1 = ic
√
Λω
3p



1 +
√
4− 3m
2
Λω
+ 2n

 p+√p (p+Q)

 . (28)
Let us now investigate the stability of z = 4 Topological black hole in 4+1 dimensional Horava-Lifshitz gravity, for
the positive branch, p = −1+√c0, z = 4 Topological black hole in 4+ 1 dimensional Horava-Lifshitz gravity is stable
due to the imaginary part of the QNMs is negative, because p < 0. Then, for the negative branch, p = −1 − √c0.
There are two cases:
• p+Q > 0. The QNMs are given by Eq. (28) with p = −1−√c0, which can be written as
ω1 = −c
√
−Λω(p+Q)
3
+ ic
√
Λω
3p

1 +
√
4− 3m
2
Λω
+ 2n

p . (29)
Therefore, z = 4 Topological Horava-Lifshitz black hole in 4 + 1 dimensions is stable.
• p+Q < 0. The QNMs, given by Eq. (29) can be written as
ω1 = −ic
√
Λωp
3

1 +
√
4− 3m
2
Λω
+ 2n−
√
1 +
Q
p

 . (30)
which is purely imaginary and the stability is guaranteed due to 1 + Q
p
< 1.
Such as we have showed, the quasinormal modes for scalar perturbations can be found by imposing the vanishing
Dirichlet boundary condition at infinity. Adittionally, we can consider that the flux vanishes at infinity or vanishing
Neumann boundary condition at infinity. It is due to that in asymptotically anti-de Sitter, a negative mass square
for a scalar field is consistent, in agree with the analogue to the Breitenlohner-Freedman condition that any effective
mass must satisfy in order to have a stable propagation, [33, 34]. That is, Dirichlet boundary condition leads to the
same quasinormal modes for m2 > 0 but does not lead to any quasinormal modes for m2 < 0. So, quasinormal modes
can be obtained by considering vanishing Neumann boundary conditions and in the context of conformal field theory,
due to the correspondence AdS/CFT [17], the quasinormal modes match with the dual operators, [35]. So, in order
to consider Neumann boundary condition at infinity, v → 1, the flux
F =
√−ggrr
2i
(R∗∂rR−R∂rR∗) , (31)
at infinity, is given by
F (v → 1) = −6γp
2
Λω
|D1|2 Im(2 (1− β)B∗1B2 +
(
−iωχ− ab
a+ b− c
)
|B1|2 (1− v)2β−1 , (32)
+
(
−iωχ− (c− a) (c− b)
c− a− b+ 1
)
|B2|2 (1− v)3−2β) , (33)
5where,
B1 =
Γ (c) Γ (c− a− b)
Γ (c− a) Γ (c− b) , (34)
B2 =
Γ (c) Γ (a+ b− c)
Γ (a) Γ (b)
. (35)
For, 43Λω < m
2 < 0, 1 < β+ < 2 and 0 < β− < 1. So, if B1 = 0, the flux vanishes at infinity if 3 − 2β > 0. For,
β = β+ is possible to obtain a new set of quasinormal modes. Note that, the condition 3 − 2β+ > 0 implies that√−Λω < Im (m) <
√
− 43Λω. Therefore, the QNMs are given by
ω2 = ic
√
Λω
3p



1−
√
4− 3m
2
Λω
+ 2n

 p−√p (p+Q)

 , (36)
where, we have considered c − a|β+ = −n o c − b|β+ = −n. The condition B2 = 0 leads to the same quasinormal
modes that we have found by imposing Dirichlet boundary condition.
Let us now investigate the stability of z = 4 Topological black hole in 4 + 1 dimensional Horava-Lifshitz gravity
and let us consider the positive branch, p = −1+√c0. In this case, z = 4 Topological black hole in 4+ 1 dimensional
Horava-Lifshitz gravity is stable due to the imaginary part is negative, in the range
√−Λω < Im (m) <
√
− 43Λω. On
the hand, for the negative branch, p = −1−√c0. There are two cases:
• p+Q > 0. The QNMs are given by Eq. (36) with p = −1−√c0, that is
ω2 = c
√
−Λω(p+Q)
3
+ ic
√
Λω
3p

1−
√
4− 3m
2
Λω
+ 2n

 p . (37)
Therefore, z = 4 Topological black hole in 4 + 1 dimensional Horava-Lifshitz gravity is stable.
• p+Q < 0. The QNMs, given by Eq. (37) can be written as
ω2 = −ic
√
Λωp
3

1−
√
4− 3m
2
Λω
+ 2n+
√
1 +
Q
p

 . (38)
which is purely imaginary and the stability of z = 4 Topological black hole in 4+ 1 dimensional Horava-Lifshitz
gravity is guaranteed in the range
√−Λω < Im (m) <
√
− 43Λω.
III. CONCLUSIONS
In this work we have studied scalar perturbations in the background of a z = 4 Topological black hole in 4 + 1
dimensional Horava-Lifshitz gravity and we have found the quasinormal modes using the Dirichlet and Neumann
boundary conditions. The QNMs that we have found, generally are complex but for a certain range of parameters
they are purely imaginary. Then, from these QNMs we have analyzed the stability of this black hole and we have
found that z = 4 Topological black hole in 4+1 dimensional Horava-Lifshitz gravity is stable and the relaxation time
τ for a thermal state to reach thermal equilibrium in the boundary conformal field theory is finite, according to the
AdS/CFT correspondence. Is interesting note that from a thermodynamics point of view the z = 4 Topological black
hole in 4 + 1 dimensional Horava-Lifshitz gravity is stable [14], which agree with the QNMs point of view.
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